We investigate when a Nagata ring R(X) can be written as a directed union of Artinian subrings. For a family of zero-dimensional rings {R α } α∈A , we show that α∈A R α (X α ) is not a directed sum of Artinian subrings.
1.
Introduction. All rings considered in this paper are assumed to be commutative with a unit element. If R is a subring of a ring S, we assume that the unity element of S belongs to R, and hence is the unit element of R. Let Spec(R), Z(R), Inv(R), and Ann R (I) denote, respectively, the spectrum of R (the set of prime ideals of R), the set of zero-divisors of R, the set of invertible elements of R, and the annihilator of a subset I of R. By the dimension of R, denoted as dim R, we mean the Krull dimension: dim R is the maximal length of a chain of proper prime ideal P 0 ⊂ P 1 ⊂ ··· ⊂ P n of R. If there is no upper bound on the length of such chains, then we write dim R = ∞.
In this paper, we study zero-dimensional rings, in which each proper prime ideal is maximal, and Nagata rings. Our attention will be focused on proving that an infinite direct product of R α (X α ), where {R α } α∈A is a family of zerodimensional rings and {X α } α∈A is a family of indeterminates, is not a directed union of Artinian subrings. Rings of Krull dimension zero have been studied intensively in the literature since the sixties. Directed unions of Artinian subrings have been investigated more recently, see [5, 7] .
In [ In 1992, Gilmer and Heinzer showed that a product of zero-dimensional rings has dimension zero or infinity, see [6, Theorem 11] .
Let R be a commutative ring and f ∈ R [X] . The content of f is the ideal σ (f ) of R generated by the coefficients of f . Then
is a multiplicatively closed subset of R [X] , and the localization R(
is called the Nagata ring in one variable over R. The Nagata ring in n variables with coefficients in R is the ring
where
2. Nagata rings. We first fix notation. Data will consist of a directed system (R j ,f jk ) of rings indexed by a directed set (I, ≤) and its directed union R = j∈I R j , together with the canonical maps f j : R j → R. The ring R is a directed union of R j 's corresponding to the f jk 's being inclusion maps. Thus directed unions can be treated by assuming all f jk to be monomorphisms. Notice that if R j is a ring for each j ∈ I, then R is also a ring. However, R is not necessarily Noetherian even if each R j is Noetherian. If R = j∈I R j is a directed union of Artinian subrings, then we regard each R i as a subring of R; in particular, R i and R have the same unit element.
The proof of Lemma 2.1 is straightforward and is left to the reader.
be a finite family of rings and X a variable. Then (
Let K and L be two fields. From Lemma 2.1, we know that
, and hence we have the following result. 
Before proving Proposition 2.3, we need the following lemma.
The proof of the converse is similar.
Proof of Proposition 2.3. The map ϕ : α∈A , where F(α) is the polynomial projection of F over R α [X] , is an injective homomorphism. Now, we consider
, and, by Lemma 2.4, 
Our next result will be useful later. Lemma 2.6. Let R be a zero-dimensional ring with finite spectrum. Then R can be expressed as a finite product of zero-dimensional quasilocal subrings. (3) If, in Proposition 2.7(3), we take X = {Y i } i∈I an infinite family of indeterminates over R, then R is a directed union of zero-dimensional subrings with finite spectra if and only if so is R(X).
Proof. (1) If R = i∈I R i is a directed union of Artinian subrings, then R(X) = i∈I R i (X). Since each R i is Noetherian, by [12, (6.17)], R i (X) is also Noetherian and each R i (X) is zero dimensional since each R i is Noetherian, (cf. [2, Proposition 1.21]). By [3, Theorem 8.5], R i (X) is an Artinian ring for each i ∈ I. The family {R i (X)} i∈I is directed because the family {R
Let η(x) be the index of nilpotency of x ∈ R. We define
where N(R) is the set of nilpotent elements of R. From [7, Theorem 3 .4], we know that dim( α∈A T α ) = 0 if and only if {α ∈ A | η(T α ) > k} is finite for some k ∈ Z + , where {T α } α∈A is a family of zero-dimensional rings.
Let R be a ring such that η(R) < k for some k ∈ Z + and let X be a variable over R. Then η(R[X]) need not be bounded. Also, we note that if dim(R) = 0, then dim(R(X)) = 0. Let {R α } α∈A be a family of zero-dimensional rings and X a variable, and suppose that dim( α∈A R α ) = 0. We added that, if each R α is a directed union of Artinian subrings, then R α (X) is also a directed union of Artinian subrings for each α ∈ A, see Proposition 2.7. Assume that there exists
Then, by [7, Theorem 6.7] , α∈A R α is a directed union of Artinian subrings. However, for each k ∈ Z + , {α ∈ A | η(R α (X)) > k} is an infinite set. This means that α∈A R α (X) is not zero dimensional. Now, we suppose that each R α is a von Neumann regular ring, and we show that R α (X) is also a von Neumann regular ring, and hence, α∈A R α (X α ) is a von Neumann regular ring, where each X α is a variable over R α . In other words,
Lemma 2.11. Let R be a ring and X a variable over R. Then R is reduced if and only if R(X) is reduced.
Proof. Assume that R is reduced and take f = a n X n + ··· + a 1 X + a 0 ∈
N(R[X]). Then there exists
Since R is reduced, we have a n = a n−1 = ··· = a 0 = 0, and hence,
The converse implication follows from the fact that every subring of a reduced ring is reduced.
Note that the two equivalent conditions of Lemma 2.11 are also equivalent to R(n) being reduced since R(n) = R(n− 1)(X), for each n ∈ Z + , see [ 
is an at least countably denumerable field. Therefore, for each α ∈ A, for each M α ∈ Spec(R α ), 
has only finitely many distinct coordinates .
Then is the maximal subring of R which can be expressed as a directed union of Artinian subrings.
Proof. First, we claim that is a directed union of Artinian subrings. For each j ∈ Z + , we define S j as the subring of consisting of all sequences
If we denote by π the prime subring of R, then each S j contains π , S 0 is the diagonal imbedding of F in R, and S j F j+1 is an Artinian von Neumann regular ring. Clearly, S j ⊆ S j+1 for each j ∈ Z + . Therefore, = ∞ j=1 S j and is a directed union of Artinian subrings. Now, let T be a subring of ω 0 F with T = j∈J T j a directed union of Artinian subrings and t = {t i } ∞ i=1 ∈ T . There exists j 0 ∈ J such that t ∈ T j 0 and T j 0 is a finite product of fields; hence t ∈ . Example 2.14. Let p be a prime integer and X a variable over GF(p), where GF(p) is the Galois field with p elements. Let R = (GF(p)(X)) ω 0 be a countable direct product of copies of GF(p)(X). We note that R is a von Neumann regular ring as a direct product of fields. By Theorem 2.9, the ring R is not a directed union of Artinian subrings. Let
has only finitely many distinct components} and V = (GF(p)(X)) * + I, where
is the direct sum ideal of R and (GF(p)(X)) * is the diagonal imbedding of GF(p)(X) in R. The ring is the biggest subring of R which is a directed union of Artinian subrings. We remark that, if V ⊂ , then, by [11, Corollary 4] , V is also a directed union of Artinian subrings. Since GF(p) is a finite field, we have ω 0 GF(p) ⊂ and, by [11, Corollary 4] , is a directed union of Artinian subrings.
